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Introduction. Polynomials in several variables over Galois 
fields provide the basis for the Reed-Muller coding theory, and 
are also used in a number of cryptographic problems. The 
properties of such polynomials specified over the derived 
Galois fields of fuzzy cardinality are studied. For the results 
obtained, two real-world applications are proposed: 
partitioning scheme and Reed-Muller code decoder. 

Materials and Methods. Using linear algebra, theory of Galois 
fields, and general theory of polynomials in several variables, 
we have obtained results related to the differentiation and 
integration of polynomials in several variables over Galois 
fields of fuzzy cardinality. An analog of the differentiation 
operator is constructed and studied for vectors. 

Research Results. On the basis of the obtained results on the 
differentiation and integration of polynomials, a new decoder 
for Reed-Muller codes of the second order is given, and a 
scheme for organizing the partitioned transfer of confidential 
data is proposed. This is a communication system in which the 
source data on the sender is divided into several parts and, 
independently of one another, transmitted through different 
communication channels, and then, on the receiver, the initial 
data is restored of the parts retrieved. The proposed scheme 
feature is that it enables to protect data, both from the 
nonlegitimate access, and from unintentional errors; herewith, 
one and the same mathematical apparatus is used in both 
cases. The developed decoder for the second-order Reed- 
Muller codes prescribed over the derived odd Galois field may 
have a constraint to the recoverable error level; however, its 


use is advisable for a number of the communication channels. 
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Beedenue. TlonMHOMBI HECKOJIbKUX TePeCMeHHBIX Hal NOAM 
Tasrya JIexkaT B OCHOBe TeOpuu KOZ0B Puya-Masiepa, a Takxe 
HCIOJIb3YIOTCA B pAe KpunTorpaduyeckux 3ana4. B padote 
W3yu4aroTCcd CBOMCTBa TaKHX TOJIMHOMOB, 3aJ,aHHbIX Hal 
IIPOW3BOJIBHBIMM TOAMU J astya HeyeTHOM MomHOcTH. JIA 
TIOJIYYCHHBIX Pe3yIbTATOB pe IOKeHbI Ba WpakTH4eCKHX 
IIPHWJIOKeHHA: CXeCMa pa3JIeJICEHHA JAHHbIX HU eKOep KOJIOB 
Puya-Maztepa. 

Mamepuaibi u memoovi. C UcinOnb30BaHveM JIMHeMHO 
anreOpbl, Teopun nomen Fanya u oOmen Teopun MOJMHOMOB 
HeCKOJIBKUX IICPCMCHHBIX MOUYYCHHI Pe3yJIbTAaThI, CBA3AHHBIe 
c guddepeHitupoBaHveM MW UWHTeErpUpOBaHHeM IOJIMHOMOB 
HeECKOJIBKUX TepeCMeHHBIX Hay WouAMH Tanya HeyeTHOH 
MomHocTH. Jit BeKTOPOB TOCTpoeH HM W3y4eH aHasior 
olepatTopa 7uddepenmMpoBaHnua. 

Pe3zyibmamel ucciedoeanua. Ha ocHOoBe MOJYYeHHBIX 
pe3yibTaTOB O yuddepeHiupoBpaHnuu WU WHTerpupoBaHnu 
TIOJIMHOMOB T1pe/Ox%KeH HOBBIN WeKoONep IIa KONOB Puya- 
Masrepa BToporo 
OpraHv3allun pa3yeneHHOH epesqayw KOHMUCHIMAaIbHbIX 
JJAHHBIX, T.€. TAaKOM CHCTeCMbI CBA3H, B KOTOPOM UCXOJIHbIe 


nopsayka UW mpeqioxeHa cxema 


JJaHHbIe Ha CTOPOHE OTMPaBUTelA pa3seuAIOTCA Ha HECKOJIbKO 
yacTeH WU, He3aBHCHMO pyr OT Apyra, MepeyaroTca 0 
pa3JIM4HbIM KaHallaM CBA3H, a Ha CTOpOHe MouyyuaTelA U3 
IIPHHATHIX YWACTeH BOCCTAaHaBJIMBaIOTCA UCXOJIHbIe JaHHBIe. 
OcoOeHHOCThIO TipefiaraeMOU CXeMbI ABJIACTCA TO, YTO OHA 
TO3BOJIAeT 3allMiaTb JaHHble, KaK OT HeJIerMTHMHOTO 
WOcTyna, TaK UW OT HelIpesHAaMepeHHBIX OWIMOOK, Mp ITOM B 
oOoux cly4adxX  UCHOUb3yeTCH OMH U TOT xe 
MaTeMaTHYecKHH allapaT. Pa3padoTaHHbI eKoep WA 
koyoB Puya-Massepa Broporo mopsyKa, 3ajjaHHbIxX Hay 
IIPOM3BOJIBHBIM HeUCTHBIM TOIeM I astya, MO%XKeT MMETb 
HekOTOpoe OrpaHHyeHHe MO 4UCIIY UCIpaBIIAeMbIX OLIMOOK, 
OHaKO, erO HCHOUb30BaHHe IelecooOpa3sHo Ia pana 
KaHaJIOB CBA3H. 
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Discussion and Conclusions. The _ proposed practical 
applications of the results obtained are useful for the 
organization of reliable communication systems. In future, it is 
planned to study the restoration process of the original 
polynomial by its derivatives, in case of their partial distortion, 


and the development of appropriate applications. 


Keywords: polynomials in several variables, Galois fields, 
polynomial derivatives, differentiation of polynomials, Reed- 
Muller codes, decoding, partitioned data transmission. 
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Oécyacdenue u 3aKxrouenua. IipensoxwxKeHHble lWpakTu4ecknue 
IIPHIOXKCHHA TMOJYAICHHbIX pe3yJIbTaTOB IIpesCTaBJIAKOTCA 
TOWe3HbIMH JIA OpraHW3allMH HajlexKHbIX CHCTeM cBxA3H. B 
WabHeiiieM WlaHupyeTca uccleqoBaHHe  rporecca 
BOCCTAHOBJICHHA HCXOJHOTO MOJMHOMA IO ero MpOH3BOHbIM, 
B cylygyae WX YacTHYHOrO WCKaxKeHuaA, UM pa3pa0oTKa 


COOTBETCTBYIOIMINX MpuOKeHHH. 
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Introduction. Polynomials of several variables over Galois fields and their derivatives are used in several 
information security domains. Some issues on the integration and differentiation of polynomials of several variables are 
considered in a number of papers. Thus, in [1], polynomials defined over simple Galois fields are studied, in [2-4], 
results for Boolean functions are obtained, and in [5-6], results for polynomials given over ternary Galois fields are 
described. 

In this paper, we consider polynomials of several variables specified over the derived Galois fields of fuzzy 
cardinality. For such polynomials, the results related to the calculation of the directional derivatives, as well as to the 
restoration of the polynomial from the set of its derivatives calculated in the basic directions are obtained. For the 
results, two possible practical applications are proposed: a partitioning scheme and a decoder for Reed-Muller codes 
(PM codes). 

The partitioning scheme can be used to organize the partitioned transmission of confidential data, 1.e. such a 
communication system in which the initial data on the sender is divided into several parts and, independently of one 
another, transmitted through different communication channels, and then, on the receiver, the original data is restored 
from the collected parts. The proposed scheme feature is that it enables to protect data, both from the nonlegitimate 
access, and from unintentional errors. At this, in both cases, one and the same mathematical apparatus associated with 
PM codes and polynomial differentiation is used. Partitioned transmission can be used both to improve the 
communication speed, and to ensure data security by complicating the task of interception from several communication 
lines. Some issues on data partition are considered in [7-11]. 

For PM-codes of the second order, deterministic decoders are known only for certain values of the Galois field 
cardinality g. Such as, quite a lot of decoders are known for the case ofg =2, for example [12-13], for the case of 


gq =3 and the use of a semicontinuous communication channel, a decoder [5] is constructed. In [14], a second-order 


Reed-Muller decoder for the codes preset over Galois fields of cardinality 2, 4, and 8 is proposed. The second-order PM 
code decoder defined above the derived fuzzy Galois field proposed in this paper is based on reduction to first-order 
Reed-Muller codes. Their codewords can be decoded by any suitable decoder. In the case of PM codes specified over 
the fields with cardinality of more than three, the proposed decoder has some limitation on the recoverable error rate. It 
should be mentioned that the use of the proposed decoding scheme in case of field cardinality of more than three, may 
be advisable at a low noise pollution level of the communication channels used despite the limitation. 

Differentiation of polynomials in several variables 


Suppose q=p’, where p is an odd prime, seN, F, is a Galois field of q cardinality. Let us consider a 


polynomial ring in m variables F,[x,,...,x,,] over FE, field. Let us denote the polynomial linear space of F.[%,...,x,,] 
degree not more than r as ed Eee al . Suppose FE" is m-linear space over F, . 
The result of the differentiation operator action is the polynomial derivative f € FE” [x,,--%, | along be ie 
(DV) =f,@)-/@, FEE", (1) 


where f(x) = f(x +b). Itis easy to see that D.fie Ee [x,,---,X,, |, and the operator 
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m 


. r r-l 
Def oR sesh \eF, Ais,B (2) 
is a linear one. Let us denote the vector coordinate sum & € F”, where p is prime, as a sum of natural numbers, by p(a) 


. The polynomials f € Ee [x,,-.-,x,, | may be written in a canonical form 
f®)= >) KX =a,x°+ Vo ax+ Y ax", (3) 
acer p(a)=1 p(a)=2 


where, when writing the monomial x* = x,;'...x,", the indices a; will be identified with the elements of the field Es 


and the summands in each sum will be arranged in an lexicographic order of magnitude. If the last sum in (3) is zero, 


we obtain a polynomial in FE [execs ee, || 2 


Lemma 1. Suppose g = p’, p is an odd prime, f(x)e EF” [x,,---.X,, | 18 a polynomial in a canonical form (3), 


b =(b,,....b,,) €E” . Then 


— —_ T a 
F (%) = foo..o0 + * Cie eee hee +XAx", (4) 
(D; P%) = b (Sio.00» for..00So0.01) +2%Ab" +bABT = 2%Ab" + £(6)— foo.0 » (5) 
where 
F500..00 Sir0..00 (2 hiot.00 (2 oa Hioo..10 (2 Sioo.01 (2 
Siro.00 /2 So20..00 Sorr..00 (2 vee Soro..10 (2 Soro.01 /2 
A _ Aivioo (2 Soti.oo (2 Jov2..00 a7 Sooi..i0 /2 Soot.o1 (2 
Sioo..10 /2 For0..10 /2 Soot..10 /2 te Fo00.20 Sooo.11 /2 
Sioo..01 {2 Sor0.01 i2 Soot.o1 i2 as Sooo.1 i 2 Sooo.02 
Proof. In the case of a prime Galois field, the proof is contained in [1]. Using (1), (4) and matrix symmetry, we 
obtain: 


FOI C1D) Sow th) Ki cteassdon) PEtDAGSD) ; 
(Def) = 5 (0) — F(X) = 7 fares ee y +XAb" +bAx" +bAb", 
(D; FG) = B (foo..02 For..009+-»Son.o1) +2%AB" +BAB® = 2xAB" + (6) — foo..c0 


Let us prove the theorem that determines the restoring method up to a polynomial constant term in 


Be Eo eer by the set of its derivatives calculated in the basic directions. 
Theorem 1. Suppose B = {b, =(b/,5%,....0) hi 
| of (4): 


is some basis of space F.", where q is odd. Let us consider 


gM 


the polynomial f € Ee Cee 


m 


_ _ T 
F(X) = Soo..00 +% (Feed outed att) +XAx". 


If 
(2A = OX, +05x, +..+0),x,, +05 _— (6) 
Then, 
a! a2. a (bE Be. Bm)" 
4-1 a, 5 on i b; = ° | 7) 
a, a .. am lb be. be 
fro.) ( 04-54” \( bi by BLY 
ina] fama [ee ; 
Too.) (a —b,,Ab,," Jb" by Be 


Proof. From (5), (6), we obtain: 
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V i=l... m: 2Ab" =(a',0%,..,0,,)°, f(b) — foo 9 =O: (9) 
Then, 
bi bp owe Be a a... am 
yO Boe RJ ab od. a 
bo be we bm OO, Oe Qn 


Hence, the formula (7) comes out right. 


It follows from (4) that for any b € ie 


= = epee 
FO) Soo..00 =b Ohare Mere en +bAb’ . 


Forb , we take the vectors b ,<B and use the equation {(b,)— fio o) =a, from (9). Then, 


Vielen MSO, —b , Ab! =b AS ee ee ea) 


Consequently, 
Gy — b, Ab,’ b, b; = b, Jio...00 
a —b, Ab,’ _ b; b; = b So...00 
Oy. ~ b Ab,,” b;" by — 5" Te 


And the formula (8) is proved. e 
Reed-Muller q-ary codes RM_(r,m) . Let us consider RM-codes over the finite field F, whereg=p’, p is 


an odd prime, s¢N [15-16]. The elements a oper are information polynomials of the code RM_,(r,m) ; we 


suppose thatm=r>0, m=2. Vector f made up from the information polynomial coefficients is called an 
information vector. 


In the vector space F , let us fix some ordering 
{Qj 5 O,} , =(G4, 552,0,,))5 2=@ . (10) 
The arbitrary information polynomial f(x) ¢€ Ee [x,,---,X,,] is coded by its evaluation at the ordered space F” points: 


CUP) = (F (Gy Joes ACG, )) » (11) 
and so, the coder-operator is defined 
Ci FX 5.%, OE. 
Reed-Muller codes are defined by the natural parameters r and m (r<m) 
RM _(r,m) =f (Q,)s--» A(4,,) [F() € EL, ....%, deg s) sr} cE’, 
The parameter r is called a code order. They form a family of linear [n, k, d] q-codes whose length and dimension are 
determined from the formulas 
r | i/q | . . 
n= q’; k= > > (-1)’ Ci, Cs ) 
i=0 j=0 
where | | is rounding up to the smaller whole number, and the minimum code distance d of the code RM_(r,m) 1s 
convenient to calculate using the dual code RM, (r~,m) parameters where r* = m(q—1)—r-—1. Suppose p is residue of 
division r~ +1 byg-1: r° +1=0(q—1)+p where p<g-—1, then the parameter d of the code RM ,(%,m) 1s given by 
the expression 
d=(p+)q". (12) 
Note that the arbitrary [n, k, d] ,-code enables to correct t = | (d —1) / 2 | errors in one codeword [17]. 
Next, let us consider PM-codes of orders | and 2 given over Galois fields of fuzzy cardinality, write the 
corresponding information polynomials in the form (3), and use ordering (10) for numbering the information vector 


coordinates. 
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Lemma 2. Letr€ {152}, q¢ 23, then the minimum code distance of the code RM,(r,m) 1s calculated by the 
formula: 
d,=(q-r)q"", (13) 
and values of the recoverable rz. = |(d —1) / a | - by the codes RM_(r,m), re {132}, are related as follows: 
bj 2212 (14) 
Proof. Let us make use of the fact that r<gq and calculate o and p - subquotient and the remainder of the 
division 7~ +1 by qg—1 respectively: 
o =(m(g-—1)—-r)div(g-lh=m-1; 
p=(m(q—1)—-r)mod(q-—l)=q-I1-r. 
Then, from the formula (12) we obtain (13). From the equalities d, =(q—-l)qg”", d, =(q-2)q”, we get that the 


1 | @-)aq""-1] | @-2)q"" -1 
2 2 7 2 ) 


Note that d, is odd, and d, is even, hence 


(q—2)q""-1|_(q-2)q"" -1 
2 2 


desired inequality (14) is as follows 


9 


p) 


(q—Nq""-1|_ (q-Nq"" -2 
2 2 


Consequently, the inequality (14) takes the form 


1( (q-Nq"" -2 |. (q-2)q"" -1 
2 2 7 2 


9 


It is easily seen that it 1s equal to the inequality g >3.e 


Consequence. If q>3, then there is a strict and when q=3, then there is an equality in (14). 
Table | lists parameters of some PM-codes. The top three lines contain the parameters q, m, n of the code in 


question RM _(r,m) . The following three lines contain the values: k; is code dimension, d; 1s minimum code distance, 
and t, is the number of recoverable errors for the codes RM_(1,m). And the following three lines show similar values of 


k5, dy, ty for the codes RM, (2,m). 


Table 1 


Parameter values of some RM-codes 


a 
ee 

Sees Fetes Peis 
ct [ae [as [aoe [aes [an [aon [earn [ae | ae [es [ase 


pe ps Po Ps [oP [ee [ane [a Pe [es [a 
sO 
Se 


Information technology, computer science, and management 





343 


http://vestnik.donstu.ru 


344 


Vestnik of Don State Technical University. 2018. Vol. 18, no. 3, pp. 339-348. ISSN 1992-5980 eISSN 1992-6006 





Now, we introduce the analog of the differentiation operator D-; operating in the space of polynomials (see 
(2)), for the space F’ where n = q”. The vector coordinates from F, will be numbered by vectors from the ordered set 
F." (see (10)). Let us consider the shift operator t; : F’ — F, following the formula 

TG) = (4, 599 Wy 5) 
where @=(a,,....4, )EF,, b =(b, ...5,,)€F". Note that the shift operator t; is mixing bijection. The linear 
operator A, : KF’ +E, that is the analog to D, , is defined by the formula: 
A, (4) =1;(@)-@, @=(a,,,...d, )EF, . (15) 
We call A-(a) a vector derivative of vector a along b . 

Lemma 3. Let us consider the polynomial f € BE lie tecea a , vector b = (b,, ...,5,)€ F , operators A, D- 
and C . Then, 

t (CCL) = CUA), CD35) = ACCT) - (16) 

The proof is carried out by the direct calculations, and for g =3 is available in [6]. 

Note that from (2) and (16), it follows that if C(w) « RM, (2,m), then A, (C(w)) ¢ RM_(1,m). 

Below, we consider examples of practical applications of the theoretical results obtained. 

Data partitioning scheme. For partitioning and restoring data in the proposed scheme, we use [n,k,,d, ], - 
code, RM_(1,m) and [n,k,,d,],-code RM,(2,m), specified over the derived Galois fieldF, of fuzzy cardinality. 
Values g and m are parameters of this scheme. 

Data partitioning algorithm. 

Input: information vector we Er * of the code RM_,(2,m) and an ordered set of basic vectors 


B= {b, =(6,0),..0,) EF} om (17) 
That is a private key of the scheme under consideration. 
Output: vectors S. E al i=lLm. 
Step 1. Let us assign the information polynomial w= w(x) to the input vector w and encode it using (11) into 
the vector C(w) € F’ of the code RM, (2,m). 
Step 2. Let us form m of the vector derivatives (see (15)): 
A; (C(w)) = C(D; (w))cF’, i=l,m, 5, €B. 


l 





Note that C(D, (w)) = RM_ (1m). 





Step 3. We concatenate each vector C(D, (w))<F’, i=1,m with the coefficient fog o) = w(0) of the code 
vector C(w) : 
S,=C(D; 0%) I Foo.o0 € Fy" 


Then, vectors S. EF | j=1,m are transmitted along m different communication lines. Obviously, during the 





transmission, vectors S,, i=1,m can be distorted. Thus, from the communication channel, vectors S,' will be obtained: 


S,'=(C(D, wy)" F, 


00..00 


where (C(D-.(w)))' is supposedly distorted vector C(D; (w)), scalar f | 


00..00 


n+l : 
ef ,t=Lm. 
is supposedly distorted value fo, 9). Let us 


denote scalar f vs corresponding to S,' by a cae 

Data recovery algorithm. 

Input: vectors S. ' i=1m and private key B (see (17)). 

Output: vector w' € F? ; 

Step 1. We isolate two components: (C(D, (w)))'e F’ and f. a , i=1,m from each vector 4 lm. 

Step 2. We direct the vectors (C(D; (w)))' to the decoders of the code RM, (1,m). Note that you can use 
arbitrary decoders, for example, [16], [18]. At the output of the decoders considered, polynomials 
D; (w) c ig Paste. ,1=1,...,m are generated. 


Step 3. We develop vector (f  ,f ey 


00..00,1 00..00,2 2 00..00,m 


of the code RM,(0,m) which actually coincides with the code of m-tuple repetition. The result of this decoder 


) from the coefficients f. ; ,, and feed it to the decoder input 


performance is the scalar fo, o9 - 
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Step 4. We substitute the values of the coefficients of the polynomials D. (w) Cc iB ote are | , i=l1,m and 


the key B (see (17)) into the formulas (7) and (8), and derive the polynomial f(x) from the results obtained. Then we 
calculate the desired polynomial w(X¥) = f(X)+ foo. o9 « 

Step 5. The message recipient is given the information vector w' € EF corresponding to the polynomial w'(x). 

Note I. The correctness of the data recovery algorithm depends on the number of errors that damage the 
vectors S. E F *' during their transmission along the communication lines, as well as on the correcting capacity of the 
first-order PM-codes used. It is plain that if the decoders used reconstruct the vectors C(D; (w)) and the value foo 09 
correctly, then the initial data restoration using the results of Theorem 1 will be correct, hence the vector w'(x) 
obtained at the output of the data recovery algorithm will coincide with the original information vector w é€ FE? . Note 


that operation of the decoder for recovery C(D. (w)) is correct, if 
Vi=lm: d,(C(D; (w),(CD; wy) SL@,-)/2], 
where d,(x,y) 1S Hamming distance between the vectors x,y. The scalar f,, ,, 1s restored correctly if the vector 


(ff. ... f.._) formed in step 3 of the algorithm contains fewer than m/2 coordinates differing from the 


00..00,1 00..00,2 ? 00..00,m 


value fin o) =W(0). If, in S, € F ‘| i=1,m, more errors occurred than can be restored by the decoders used, then the 


— ki + 
recovery W & ie is not guaranteed. 


Note 2. The proposed partition and recovery algorithms employ Reed-Muller codes of both the first and second 
orders, but the decoders are used only for the first-order codes. 

Note 3. The transmission confidentiality 1s provided not only by the need for knowledge of the key, but also by 
using several communication lines, because in this case, data interception is more challenging for an intruder than 
illegal data capture from a single communication line. 

Decoder of Reed-Muller codes of the second order. First, let us consider the idea of the decoding algorithm 


organization, and then we describe the algorithm step-by-step. Let us fix some basis B = {b, =(0,.0 as) © ee ee 
in the space F" where g = p*, pis an odd prime. Suppose that the decoder input receives Y = C(w) +@ (e F’) where w 
is the information polynomial, C(w) is the code vector of the [n,k,,d,], -code, RM_,(2,m) , e € F;'is the error vector for 
which 

wt, (e) St, (18) 
where wt#,(.)is Hamming weight, t, = | (d, —1)/ 2 | . Employing vector Y , we construct m vector derivatives calculated 
in the basic directions using the operator A; : 


A; (Y)= A, (C(w) +2) =A; (C(w)) +A; (@), i= 1... 
each of which is the vector A; (C(w)) RM _(1,m) distorted by the error vector A; (e) <F’, and can be unerringly 
decoded by an arbitrary decoder of the [n,k,,d,], -code RM, (I,m) operating up to half the code distance (see, e.g., [16], 
[18]), if the error level is less thant, = | (d, —l)/ 2 | , 1l.e. when 
wt, (A; (e))<¢. (19) 


If the vectors are decoded correctly, then the desired information polynomial of the code can be reconstructed using 
Theorem | up to one coordinate which can be then found, for example, by maximum likelihood decoding. Thus, for 
proper decoding Y , according to the proposed scheme, the fulfillment of the condition (19) is required. 

Algorithm for decoding the code RM ,(2,m). 


Input: parameters of [n,k,,d,],-code RM (2,m), Y= CAE Aree ae =e 
Output: decoded information vector w . 
Step 1. Let us fix some basis B = {b, =(b/,)),...,b),) €E"} of the space F” and calculate the derived 


i=l,...,m 
vectors along all the directions b, ep: 
A, (Y)=% (Y)-Y. 
Step 2. Let us decode A- (Y), i=l,...,m, using the arbitrary decoder of RM ,(1,m) -codes that operates up to 
half the code distance, and as a result, we obtain vectors p, and their polynomial representations 


ae . . ai 
P;, (xX) = Ox, +O4,x, +...40,x,, +O) EF (Meteo I i=1,...,m. 
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Step 3. Using the polynomials p,; (x), i=1,...,m, we find the polynomial /(*) with the intercept zeroth-order 


term from the formulas (7) and (8). 
Step 4. For all ze F, we calculate 


p) 





¥(z) = >)|CU'@)+2),, -%,, 
i=l 
where C(f(x)+z), is o,- th coordinate of the vector C(f(x)+z) (see (11)). Let us denote z, the value z on which 


the function ‘Y(z) attained its minimum. 

Step 5. The decoding result is vectorw that one-to-one corresponds to the information polynomial 
WX) = f (+2. 

Theorem 2. So that the derived algorithm of decoding the code RM _(2,m) can rectify all errors, it is sufficient 
to meet the conditions (18) and 

wt, (e) <t,/2, (20) 

where ¢, = | (d, —l)/ 2 | , d, is minimum distance of the code RM,(1,m). 

Proof. At step 2, the decoder input receives vectors 

A, (VY) =; (Y)-Y =1; (CW) +1, (@)-C(w) -€ =A, (C(w)) +A; (6). 
Recall that A; (C(w)) ¢RM_(1,m), and the decoders of the code RM_(1,m) operating up to half the code distance 
rectify up to ¢, errors in the codeword. From the condition (20), it follows that 
wt, (A; (e)) < wt, (t; (e))+wt, (€) =2wt, (e) St 

So, vectors Pi, which are developed at Step 2 coincide with A; (C(w)). Hence it follows that at Step 3, owing to 
Theorem 1, the polynomial f(x) = w(x)—w(0) is formed. 
From the condition (18), it follows that the value z, calculated at Step 4 is equal to the constant term w(0) of the 


desired information polynomial w(x) . Thus, the desired information vector w is obtained. 

Note that for the correct decoding according to the proposed scheme, it is required to meet the condition (20), 
from which (19) follows, although the condition (18) is more natural. Let us consider the relationship between these 
conditions. 

Lemma 4. For the codes RM, (2,m), in the case of g =3, the condition (18) and (20) are equivalent, and in the 
case of g > 3, when the condition (18) 1s satisfied, the fulfillment of the condition (20) is not guaranteed. 

Proof. From the consequence of Lemma 2, we obtain that at g =3, the equality 4, /2 =t¢, is true; i.e. the right- 
hand sides of the inequalities (18) and (20) coincide; hence, the fulfillment of one of them implies the fulfillment of the 
other. At g>3 from the consequence of Lemma 2, we obtain that t,/2<t,, viz from the fulfillment of (18), the 
fulfillment of (20) does not follow. 

Note 1. In [5-6], the decoder of the RM,(2,m)-code is described, where, as in the proposed algorithm, 
derivative vectors are constructed for the noisy codeword. They are decoded by the maximum likelihood algorithm, and 
then the desired information word is restored from the values obtained. However, the derived vectors are constructed in 
all 3” possible directions, not only in basic ones, in the decoder from [5-6]. And another mechanism is used to obtain 
the desired information vector. 


Note 2. For codes RM,(2,m),q =3, the proposed decoder operates up to half the code distance. For codes 
RM ,(2,m),q >3, the proposed decoder does not guarantee the correction of all errors, the number of which is less 


thant, , but the decoder will operate well if the weaker condition (20) is satisfied. Note that the use of the proposed 


decoding scheme in case of the fields with cardinality of more than three may be appropriate, despite the determined 
limitation, for the following reasons. First, the theory of the decoders of the second-order PM-codes is ill-defined. But, 
if there is a first-order decoder, then the proposed decoder which is a suspension over it can fill in this gap. Secondly, 
when using the communication channels, the error probability in which is such that (20) 1s satisfied, the transition from 


the first-order PM-codes to the second-order codes reduces redundancy (see Table 1). 


Deundyak V. M., Mogilevskaya, N.S. Differentiation of polynomials in several variables over Galois 





Conclusion. Theoretical results associated with restoring polynomials of several variables over Galois fields of 
fuzzy cardinality by their derivatives are obtained. As practical applications to the results obtained, a data partition 
scheme and a second-order PM-code decoder are proposed. In future, it is instructive to study the process of a 
polynomial recovery from distorted derivatives, and to develop appropriate modifications of the real-world applications 


proposed in this paper. 
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